which is the well-known expression for the imaginary-time harmonic oscillator propagator. 1 The quantum mechanical propagator can be immediately found from Eq. ͑8͒ by the analytical mapping T→iT.
Quantum harmonic oscillator revisited: A Fourier transform approach
I present a Fourier transform approach to the problem of finding the stationary states of a quantum harmonic oscillator. The simplicity of the method may make it a desirable substitute for the rather cumbersome polynomial approach to the problem which is commonly used in the standard graduate quantum mechanics textbooks. The quantum harmonic oscillator is one of the most ubiquitous models in physics. Quantum oscillator models play a prominent role in many branches of physics including quantum optics and solid state theory, to mention but a few examples. One of the most important characteristics of a onedimensional harmonic oscillator is its energy eigenstates, which can be described in terms of their coordinate space wave functions n (x):
͑1͒
Here X is a spatial coordinate, E n is the energy of the nth stationary state ͑eigenstate͒ of the oscillator, and M and ⍀ are the mass and the frequency of the oscillator, respectively. In many quantum mechanics textbooks 1,2 Eq. ͑1͒ is solved with the help of the Sommerfeld polynomial approach.
3 Not only is the latter unwieldy, but it often makes the student wonder about the ''magical'' way the corresponding series solution terminates only for certain integer values of the energy. 4 Of course, there exists an alternative algebraic approach ͑see, for example, Ref. 5͒ which is free from this shortcoming, but it requires familiarity with operator algebra in Fock space.
In this note, I present yet another approach to the same problem that relies on a simple Fourier transformation. Besides its simplicity, the proposed method provides a useful link between the material that students typically learn in a course on mathematical physics and an important physical problem.
I begin by introducing the dimensionless variables: ⑀ ϭE n /ប⍀ and xϭX/l 0 , where l 0 ϭ(ប/M ⍀) 1/2 is a characteristic spatial scale associated with the ground state wave function of the oscillator. Equation ͑1͒ can then be written in the form
where I have omitted, for brevity, the subscript n on the wave function. It is readily seen from Eq. ͑2͒ that if (x) is a solution, so is (Ϫx). Consequently, the wave functions describing the stationary states can be chosen to be either even or odd. I will assume in the following that all eigenfunctions have a definite parity. By substituting (x)ϭ(x)e x 2 /2 into Eq. ͑2͒, I obtain
Љϩ2xЈϩ͑2⑀ϩ1͒ϭ0, ͑3͒
where the prime denotes a derivative with respect to x. In order to solve Eq. ͑3͒, I consider a Fourier transform of :
which exists for any normalizable, that is, square-integrable wave function of the system. The inverse Fourier transform is then defined as
It follows from Eq. ͑5͒ that
Equation ͑7͒ was obtained using integration by parts and assuming that →0 as k→ϱ. By substituting Eqs. ͑5͒-͑7͒ into Eq. ͑3͒, I obtain after some minor algebra the first-order differential equation
which can be integrated at once with the result where the right-hand side of Eq. ͑13͒ was obtained by making the change of variables k→Ϫk. It can be inferred from Eqs. ͑11͒ to ͑13͒ that the necessary and sufficient condition for the eigenfunctions to have a definite parity can be expressed as
ϭϮ1. ͑14͒
It follows that the allowed values of the energy ⑀ n must be quantized in terms of the nonnegative integer n, (n ϭ0,1,2,3,...), that is,
